In some situations it is convenient to call ρ = ρ D shortly metric density.
For v ∈ T z C vector, we define |v| ρ = ρ(z)|v|. If γ is a piecewise smooth path in D, we define |γ| ρ = γ ρ(z)|dz| and d D (z 1 , z 2 ) = inf |γ| ρ , where the infimum is taken over all paths γ in D joining the points z 1 and z 2 .
For a hyperbolic plane domain D, we denote respectively by λ = λ D (or if we wish to be more specific by Hyp D ) and δ D (in some papers we use also notation σ D ) the hyperbolic and pseudo-hyperbolic metric on D respectively. By Hyp D (z) we also denote the hyperbolic density at z ∈ D.
For planar domains G and D we denote by Hol(G, D) the class of all holomorphic mapping from G into D. For complex Banach manifold X and Y we denote by O(X, Y ) the class of all holomorphic mapping from X into Y .
If f is a function on a set X and x ∈ X sometimes we write f x instead of f (x). We write z = (z 1 , z 2 , ..., z n ) ∈ C n . On C n we define the standard Hermitian inner product by < z, w >= n k=1 z k w k for z, w ∈ C n and by |z| = √ < z, z > we denote the norm of vector z. We also use notation (z, w) instead of < z, w > on some places. By B = B n we denote the unit ball in C n . In particular we use also notation U and D for the unit disk in complex plane. It is interesting that this (at a first glance) simple result has far reaching applications and forms.
Define T z1 (z) = z − z 1 1 − z 1 z , ϕ z1 = −T z1 and
The classical Schwarz lema yields motivation to introduce hyperbolic distance: If f ∈ Hol(U, U), then δ(f z 1 , f z 2 ) ≤ δ(z 1 , z 2 ).
Consider F = ϕ w1 • f • ϕ z1 , w k = f (z k ). Then F (0) = 0 and |ϕ w1 (w 2 )| ≤ |ϕ z1 (z 2 )|. Hence
By the notation w = f (z) and dw = f ′ (z)dz, we can rewrite (2.1) in the form
We can rewrite this inequality in vector form. Namely, define the density λ(z) = 1 1−|z| 2 . For v ∈ T z C vector we define |v| λ = λ(z)|v| and set v * = df z (v). Hence, we can rewrite (2.2) in the form: |v * | λ ≤ |v| λ . Thus we have
If we choose that the hyperbolic density (metric) is given by
then the Gaussian curvature of this metric is −1.
We summarize
Let G be a simply connected domain different from C and let φ : G → U be a conformal isomorphism. Define ϕ G a (z) = ϕ b (φ(z)), where b = φ(a), and the pseudo hyperbolic distance on G by
One can verify that the pseudo hyperbolic distance on G is independent of conformal mapping φ. In particular, using conformal isomorphism A(w) = A w0 (w) = w−w0 w−w0 of H onto U, we find ϕ H,w0 (w) = A(w) and therefore δ H (w, w 0 ) = |A(w)|.
For a domain G in C and z, z
, where the suprimum is taken over all φ ∈ Hol(G, U). Of course the Caratheodory distance can be trivial-for instance if G is the entire plane.
On simply connected domains, the pseudo-hyperbolic distance and the hyperbolic distance are related by δ = tanh(λ/2) and we have useful relation: (I-1) If G and D are simply connected domains domains and f conformal mapping of D onto G, then Hyp G (f z)|f ′ (z)| = Hyp D (z). The uniformization theorem says that every simply connected Riemann surface is conformally equivalent to one of the three Riemann surfaces: the open unit disk, the complex plane, or the Riemann sphere. In particular it implies that every Riemann surface admits a Riemannian metric of constant curvature. Every Riemann surface is the quotient of a free, proper and holomorphic action of a discrete group on its universal covering and this universal covering is holomorphically isomorphic (one also says: "conformally equivalent" or "biholomorphic") to one of the following:the Riemann sphere,the complex plane and the unit disk in the complex plane.If the universal covering of a Riemann surface S is the unit disk we say that S is hyperbolic.Using holomorphic covering π : U → S, one can define the pseudo-hyperbolic and the hyperbolic metric on S. In particular, if S = G is hyperbolic planar domain we can use 
(b) The result holds more generally: if G and D are hyperbolic domains and f ∈ Hol(G, D), then
For a hyperbolic planar domain G the Carathéodory distance C G ≤ λ G with equality if and only if G is a simply connected domain.
(A) holomorphic functions do not increase the corresponding hyperbolic distances between the corresponding hyperbolic domains.
The Caratheodory and Kobayashi metrics have proved to be important tools in the function theory of several complex variables. We can express KobayashiSchwarz lemma in the geometric form (see Theorem 4, which is our main tool): In particular, we have:
(B) If G 1 and G 2 are domains in C n and f : G 1 → G 2 holomorphic function, then f does not increase the corresponding Caratheodory(Kobayashi) distances.
But they are less familiar in the context of one complex variable. Krantz [13] gathers in one place the basic ideas about these important invariant metrics for domains in the plane and provides some illuminating examples and applications. We consider various generalization of this result including several variables. There is an interesting connection between hyperbolic geometry and complex geometry.
(C) Pseudo-distances defined by pluriharmonic functions.
In [23] the author constructs α M,P , a new holomorphically invariant pseudodistance on a complex Banach manifold M using the set of real pluriharmonic functions on M with values in P , a proper open interval of R. It is well known that the Kobayashi pseudo-distance is the largest and the Caratheodory pseudodistance is the smallest one which can be assigned to complex Banach manifolds by a Schwarz-Pick system. Therefore C M ≤ α M,P ≤ Kob M .
Schwarz lemma for real harmonic functions
Let S = S 0 = {w : |Rew| < 1} and π , there is no reasonable estimate for the distortion of harmonic functions which maps the unit disk into the strip. It is interesting to note that Lemma 1 shows that we can control the growth of the real part of a harmonic mapping which maps D into S 0 and keeps the origin fixed.
Let λ 0 be a hyperbolic density on S 0 . Then
If F is holomorphic map from D into S 0 , then by Ahlfors-Schwarz lemma
Using that 1 − cos(
2 , |x| ≤ 1, and therefore we get (A1)
Hence, we get Kalaj-Vuorinen [7] , see also [20] :
Now an application of the formula (3.1) yields (3.3). By (A1), (3.4) follows from (3.3).
The author discussed the results of these types with SH. Chen, S. Ponnusamy and X. Wang, see also [19] .
Proof. If D is the unit disk D this result follows from (3.4) and it has been proved by Kalaj and Vuorinen [7] .
In general case one can use a cover P :
. Hence we get Theorem 1.
Rew . There is tightly connection between harmonic and holomorphic functions. A few year ago I had in mind the following result: 
In the case D = D, (II) is proved for G = S(−1, 1) in [7] , and for G = S(0, ∞) in [15] .
Proof.
Hence, we have (I). An application of (I) with α = 0 yields (II).
In particular, if G = S(−1, 1) we have
and if G = S(0, ∞) we have
Kobayashi-Schwarz lemma -Several variables
Definition 3. Let G be bounded connected open subset of complex Banach space, p ∈ G and v ∈ T p G. We define k G (p, v) = inf{|h|}, where infimum is taking over all h ∈ T 0 C for which there exists a holomorphic function such that φ : U → G such that φ(0) = p and dφ(h) = v.
We also use the notation Kob G instead of k G . We call Kob G Kobayashi-Finsler norm on tangent bandle. For some particular domains, we can explicitly compute Kobayashi norm of a tangent vector by the corresponding angle.
We define the distance function on G by integrating the pseudometric k G : for We can express Kobayashi-Schwarz lemma in geometric form:
Hence
Theorem 5 (Kobayashi-Schwarz lemma). Suppose that G and G 1 are bounded connected open subset of complex Banach space and f : G → G 1 is holomorphic. Then , v) , where the supremum is taken over all maps φ : D → G which are analytic in D with
.
For u ∈ T p C n we denote by |u| e euclidean norm.
4.1.
A new version of Schwarz lemma for the unit ball. Using classical Schwarz lemma for the unit disk in C, one can derive:
Proof. Take an arbitrary a ∈ B n and set
Since g ∈ Hol(U, U), then by the unit disk version of Schwarz lemma, we find (i) |g(z)| ≤ |z|, z ∈ U. Choose z 0 such that a = z 0 a * An application of (i) to z 0 , yields |f (a)| ≤ |a|. It is straightforward that we get (a) and (b).
We need some properties of bi -holomorphic automorphisms of unit ball (see [18] for more details). For a fixed z, B z = {w : (w − z, z) = 0, |w| 2 < 1} and denote by R(z) radius of ball B z . Denote by P a (z) the orthogonal projection onto the subspace [a] generated by a and let Q a = I − P a be the projection on the orthogonal complement. For z, a ∈ B n we define
where P a (z) = < z, a > < a, a > a and s a = (1−|a|
. Then one can check that (A2) The restriction of ϕ a onto U a is automorphisam of U a and the restriction onto B z maps it bi-holomorphically mapping onto Bz.
Let u ∈ T p C n and p ∈ B n . If A = dϕ p , set |Au| e = M (p, u)|u| e , ie.
Proposition 4.2. If the measure of the angle between u ∈ T p C n and p ∈ B n is α = α(p, u), then
By the classical Schwarz lemma 2-the unit disk, Proposition 4.1 (Schwarz lemma 1-the unit ball) and (A2), |u
7).
It is clear that
2, we find |Au| e = M (a, u)|u| e and |Bu * | e = M (b, u * )|u * | e . By Schwarz 1-unit ball, |Bu * | e ≤ |Au| e . Hence
In particular, we have Theorem 7 (Schwarz lemma 2-unit ball, [8, 16] )
• . Consider first the case a = 0. Let p be the projection on [v] . Then φ 1 = p • φ is a holomorphic map of D into U v . By classical Schwarz lemma |φ • directly and we consider φ a = ϕ a • φ and
4.2. polydisk. For the polydisk, see [9] , p.47,
If the measure of the angle between u ∈ T p C 2 and z 1 -plane is α = α u = α(p, u) and u ′ = A(u), one can check that(see below) (4.10)
(III) Now let φ(0) = p, u ∈ T p C 2 , |u| e = 1, and dφ 0 (1) = λu and consider T • φ.
It turns out that we need an improvement of (A3) in order to compute KobayashiFinsler norm.
Namely, our computation of Kobayashi-Finsler norm on U 2 is based on:
Proof. Let φ be analytic from U into U 2 and φ(0) = (0, 0). Then φ 1 and φ 2 map U intoself.
Now we check (4.10) and that (B1) |v 1 | e = cos α|u| e /s 2 c ,|v 2 | e = sin α|u| e /s 2 c , and 
We can restate this result in the form:
Proof. Let ψ c and ψ d be conformal mappings of D and G onto U such that ψ c (c) =
Using Theorem 4, Propositions 4.2 and 4.4, we have
where Kob Ω is described in Proposition 4.4.
For a vector a = (a 1 , a 2 , a 3 ) ∈ C 3 , we define Re a = (Rea 1 , Rea 2 , Rea 3 ) and Ima = (Ima 1 , Ima 2 , Ima 3 ) . Suppose that p = (c, d) ∈ S(a, b)
2 and u ∈ T p C 2 . We leave the reader to check that (C1) k S(a,b) 2 (p, u) = k S(a,b) 2 (Rep, u). If I = (−1, 1) and J = (0, ∞) we can consider I 2 , J 2 and I × J. In a similar way, we can extend this result to pluriharmonic functions u : B n → (a, b) m .
4.3.
Invariant gradient and Schwarz lemma. The mapping w = e iz maps H onto the punctured disk.
The Poincare metric on the upper half-plane induces a metric on the punctured disk U ′ ds 2 = 4 |q| 2 (log |q| 2 ) 2 dq dq, q ∈ U ′ .
Hence
Hyp U ′ (z) = −2 |z|(log |z| 2 ) |dz| = −1 |z|(log |z|) |dz|, z ∈ U ′ .
Ahlfors [1] proved a stronger version of Schwarz's lemma and Ahlfors lemma 1.
Theorem 11. ( Ahlf ors lemma 2 ). Let f be an analytic mapping of D into a region on which there is given ultrahyperbolic metric ρ. Then ρ[f (z)] |f ′ (z)| ≤ λ .
